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We show that four-dimensional Lorentzian metrics admitting a global spacelike Lie group
of isometries, G1 = R, which obey the Einstein equations for vacuum and certain types of
matter, cannot contain apparent horizons. The assumed global isometry allows for the dimen-
sional reduction of the (3+1) system to a (2+1) picture, wherein the four-dimensional metric
fields act formally as matter fields. A theorem by Ida allows one to check for the absence
of apparent horizons in the dimensionally reduced spacetime, with the four-dimensional re-
sults following from the topological product nature of the corresponding manifold. We argue
that the absence of apparent horizons in spacetimes with translational symmetry constitutes
strong evidence for the validity of the hoop conjecture, and also hints at possible (albeit
arguably unlikely) generic violations of strong cosmic censorship.
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2The notion of “horizon” plays a crucial role in classical general relativity: event horizons are the
defining property of black holes, apparent horizons are numerical relativity’s black hole operational
definition, and particle horizons characterize many cosmological models and are responsible for
the formation of topological defects. In addition, two of the outstanding issues in the classical
theory—the cosmic censorship and hoop conjectures—rely crucially on the notion(s) of event and/or
apparent horizon. In this essay, we shall focus on the latter, since it not only provides a practical
definition of black hole, but it also implies the existence of an event horizon, provided weak cosmic
censorship and certain asymptotic conditions are satisfied [1].
While the relation between “mass” and horizon has been largely explored in the literature, that
between geometry and horizon has received comparatively less attention. A notable exception is
the hoop conjecture, which uses the combined roles of geometry and mass to put forward a (loosely
formulated) necessary and sufficient condition for horizon formation [2]: “Horizons form when
and only when a mass M gets compacted into a region whose circumference in every direction is
C . 4piM”. Despite inherent ambiguities in the definitions of horizon, mass, and circumference,
no credible counter-example appears to exist [3]. However, none of these answers the fundamental
question: Why is it that mass needs to be compacted in all three spatial directions for a horizon to
form?
Thus motivated, we consider here a large class of spacetimes which cannot, by construction,
admit spatially bounded mass configurations, and show that they cannot contain apparent horizons
(outer marginally trapped surfaces which are the outer boundary of a trapped region). Specifically,
we consider four-dimensional spacetimes (M,g) with the single assumption that they admit a global
spacelike isometry group G1 = R acting on a three-manifold M ≈ R × Σ, where Σ is a spacelike
two-surface of arbitrary topology. The two key ingredients in the analysis are (i) the dimensional
reduction of the (3+1) problem to (2+1) form, enabled by the global isometry, and (ii) a theorem
by Ida [4], which provides a sufficient condition for the absence of apparent horizons in three-
dimensional spacetimes. The program is then to take a G1-symmetric four-dimensional spacetime,
perform the dimensional reduction, test for the absence of apparent horizons in the dimensionally
reduced picture, and then go back to the full (3+1) system and use its topological product structure
to infer the topology of the apparent horizons that cannot exist therein. In what follows, we outline
the vacuum case for simplicity, and then discuss generalizations to include matter fields.
Proposition 1 (Dimensional Reduction): Let (M,g) be a (3+1) spacetime obeying the vacuum
Einstein equations G = 0. If g admits G1 = R as a global spacelike isometry Lie group then the
following is true: (i) The equations G = 0 are equivalent to (3)G = (3)Tr, where
(3)G is the Einstein
3tensor in the quotient space M = M/R, and (3)Tr is the stress-energy tensor of a massless scalar
field coupled to an electromagnetic-like vector potential field, defined on M; (ii) (3)Tr obeys the
dominant energy condition.
In what follows, we adopt Moncrief’s Hamiltonian reduction approach to vacuum gravity with
one spacelike Killing vector field (KVF) [5], and take the isometry Lie group to be G1 = R. Let
the coordinates in M be {x3, xi; i = 0, 1, 2}, and let the KVF be ∂x3 , whose space of orbits under
G1 actions induces a three-manifold M =M/R . The four-metric in M can then be written as
ds2 = e−2φγijdx
idxj + e2φ(dx3 + βadx
a + β0dt)
2, (1)
where |∂x3 | ≡ eφ, and the induced Lorentzian metric inM≈ R×Σ admits the ADM decomposition
γijdx
idxj = −N˜dt2 + σ˜ab(dxa + N˜adt)(dxb + N˜ bdt), (2)
where the indices (a, b, c, ...) refer to two-dimensional quantities, denoted by a tilde, defined on Σ.
Introducing momenta (p˜, e˜a, p˜iab) conjugate to (φ, β˜a, σ˜ab), the Einstein-Hilbert action is
S =
∫
M
dtd2x(p˜iabσ˜ab,t + e˜
aβ˜a,t + p˜φ,t − N˜H˜ − N˜aH˜a − β0e˜a,a), (3)
where the canonical Hamiltonian scalar and momentum vector densities are, respectively,
H˜ = 1√
σ˜
[p˜iabp˜iab − (p˜iaa)2 +
1
8
p˜2 +
1
2
e−φσ˜abe˜
ae˜b]
+
√
σ˜{−(2)R˜+ 2σ˜abφ,aφ,b + e4φσ˜acσ˜bdβ˜[a,b]β˜[c,d]}, (4)
H˜a = −2∇˜bp˜iba + p˜φ,a + 2e˜bβ˜[b,a]. (5)
The constraint equations for the action S are
H˜ = 0, H˜a = 0, e˜a,a = 0, (6)
and are equivalent to the four-dimensional constraints, restricted to the assumed symmetry class.
Using Eqs. (4)-(5), the action (3) can be written as:
S = SG + SM =
∫
M
dtd2x(p˜iabσ˜ab,t − N˜H˜ − N˜aJ˜a)−
∫
M
√
|γ|d3x{2φ,iφ,i + e
4φ
2
Ψ kj Ψ
j
k}, (7)
with
H˜ =
1√
σ˜
[p˜iabp˜iab − (p˜iaa)2]−
√
σ˜ (2)R˜, J˜a = −2∇˜bp˜iba, Ψij = 2β[j,i], (8)
where SG is just the canonical action for pure (2+1) gravity, and SM is the action associated with
“matter” fields φ and β˜a. The canonical stress-energy tensor derived from SM is:
Tij := − 1√|γ|
δSM
δγij
= φ,iφ,j − 1
2
γijφ,kφ
,k +
e4φ
2
(Ψ ki Ψjk −
1
4
γijΨ
n
m Ψ
m
n), (9)
4which has the form of a massless scalar field coupled to an “electromagnetic” field. Hamilton’s
equations guarantee that Tij is divergence-free, and it is easy to show that Tij also obeys the
dominant energy condition (DEC).
Proposition 2 (Ida’s Theorem): Let (M, γ) be a (2 + 1)-dimensional Lorentzian spacetime
satisfying the Einstein equations G(γ) = T. If T obeys the dominant energy condition, then there
are no apparent horizons in (M, γ).
The idea of the proof consists in showing that, if an apparent horizon A exists and the dominant
energy condition is satisfied, then one could deformA outward, so as to produce a new closed surface
Aˆ just outside A, which is contained in a trapped region, thereby contradicting the ansatz that
the former is the outer boundary of a compact trapped region. Ida’s statement of the theorem [4]
includes a positive cosmological constant, Λ > 0, but the same result can be proved (with minor
technical differences) for Λ = 0 [7].
Theorem 1 (Vacuum): Let (M,g) be a four-dimensional Lorentzian spacetime obeying the
vacuum Einstein equations G(g) = 0. If (M,g) admits a global spacelike G1 = R Lie group of
isometries, then it cannot contain apparent horizons.
From Propositions 1 and 2 it follows that there are no apparent horizons in (M = M/R, γ),
which arises from dimensional reduction of vacuum (3 + 1) gravity under G1 actions. Since M is
topologically the Cartesian productM×R, it follows that the absence of topological S1 apparent
horizons in (M, γ) implies that there are no apparent horizons homeomorphic to S1×R in (M,g).
Conversely, suppose that there is some three-dimensional trapped region R, homeomorphic to S2
or S1 ×R, satisfying R ⊂ U , where U is a spacelike three-surface in M . Since the G1 group orbits
are spacelike, one can always find a two-dimensional foliation Σ∗ of U whose intersection with the
outer boundary of the trapped region is: (i) a closed curve, i.e., ∃Σ∗ ≈ R2 : U = R × Σ∗ and
Σ∗ ∩ R˙ = A ≈ S1, and (ii) A is an apparent horizon in (M, γ). But this contradicts Proposition
2, and thus apparent horizons cannot exist in (M,g) [7].
Theorem 2 (Matter): Let (M,g) be a four-dimensional Lorentzian spacetime obeying the Ein-
stein equations G(g) = T, and let G1 = R be a global spacelike group of isometries in (M,g). If the
stress-energy tensor of the dimensionally reduced space M/R obeys the dominant energy condition,
then (M,g) cannot contain apparent horizons.
This result follows from Proposition 2, together with the method of proof for Theorem 1. The
Einstein-Maxwell case is one example that obeys this theorem [8]. The R-reduction of the system
yields (2+1) gravity coupled to four scalar fields, which define a wave map from the reduced space-
time to a target space (R4,h), where h is a Riemaniann metric [10]. The canonical stress-energy
5tensor associated with wave maps (of any dimension) obeys the DEC, so by the arguments out-
lined above it follows that (3+1) electrovacuum spacetimes with spacelike translational invariance
cannot contain apparent horizons [8, 9].
These results deal with large classes of spacetimes which, by construction, can only admit
confinement of mass along two spacelike directions: such spacetimes cannot develop apparent
horizons. This provides very strong evidence towards the “only if” part of the hoop conjecture (if
a horizon exists then mass is sufficiently compacted along all three spatial directions), by proving its
converse: if mass is not compacted along all three spatial directions then apparent horizons cannot
exist. The theorems rule out cases that would be blatant violations of the conjecture: if an infinite
topological cylinder S1 × R could be outer marginally trapped this would be an example of mass
being only compacted along two spatial directions with an apparent horizon being nevertheless
present. We point out that this no-horizon property of gravity with a translational spacelike KVF
is not a mere geometrical artifact; rather, it is a genuine feature of the theory, enforced by the
field equations. We further note that the inclusion of a positive cosmological constant leaves our
conclusions unchanged, since it preserves the DEC.
Finally, this result also has potential implications for strong cosmic censorship for gravity cou-
pled to well-behaved (in the DEC sense) matter or vacuum, with the chosen KVF. The absence,
to date, of large data global hyperbolicity results for vacuum or matter-coupled Einstein equations
with one spacelike KVF leaves open the possibility for nonspacelike singularities, which would
spoil global hyperbolicity [13] . Any such singularities would be at least locally naked, since every
nonspacelike geodesic emanating from the singularity would be untrapped, thus in clear violation
of the strong cosmic censorship conjecture. The implications for weak cosmic censorship are less
clear, since the former requires an event horizon, the definition of which for non-asymptotically-flat
spacetimes is still lacking [14]. Although it seems likely that event horizons (defined in a suitable
sense) cannot exist either—the no-horizon proof is independent of a particular spacelike foliation
choice, and it is difficult to imagine a spacetime that is free of closed trapped regions for every pos-
sible (3 + 1) slicing and yet contains an event horizon—because of ambiguities with the definition
of the former we shall not pursue this discussion here.
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